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Abstract 

We calculate the decay rates for 7r° — > e+e", rj — > e+e" and rj fx~^ fx~ in chiral 
perturbation theory. The linear combination of counterterms necessary to render these 
amplitudes finite is fixed by the recently measured branching fraction for 77 . We 

find Br(7rO e+e") = 7 ± 1 x 10"^ and Br(?7 ^ e+e") = 5 ± 1 x IQ-^. 
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1. Introduction 



In this letter we use cliiral perturbation theory to calculate the electromagnetic decays 
of the TT^ and t] to These decays proceed through two photon intermediate states 

containing the anomalous tt^'J'j (7777) coupling as well as from a local Tc^i~^i~ {r]i^i~) 
operator which is required as a counterterm to render the one-loop diagram finite. We 
determine the coefficient of the counterterm by fitting to a recent measurement of Br (77 
|1|], which then allows us to predict the rates for i] — > e+e" and 7r° e+e~. 

Our work differs from previous calculations in which a hadronic form factor is as- 
sociated with the 7r*^77 and 7777 vertices 0-[§. This makes the one loop integral finite 
but introduces model dependence into the dispersive piece of amplitude. The absorptive 
piece of the amplitude is related to the n'^{rj) 77 width by unitarity and is therefore 
unambiguous. 

A precise theoretical prediction for these decays is interesting not only in itself, but also 
because the rjfxfx and 7r°/i/i couplings contribute to the "background" for parity violating 
observables in — ^ n^^~^ij,~ , as has been emphasized recently in refs. and [10|. These 



couplings also provide a "background" to the T odd observables in this decay which have 
been investigated in refs. The fx^ spin polarisation is a parity violating observable 



whose magnitude gets a contribution from short distance physics. In the standard model 
this is dominated by top quark loops and so provides a measurement of the real part of 
the CKM matrix element Vtd in the phase convention where Vbc is real. The long-distance 
physics background from the rjfifi and n^fifx couplings has been studied in detail in [ PD | 



where it was found to be significant for small values of Re Vtd and small top quark masses. 
Therefore, it is important to understand these electromagnetic rare decays of the tt^ and 77 
in order to form a reliable estimate of the background to the determination of ReVtd from 
polarisation measurements. 

2. 77 ^ fx~^fi~ 

The graphs in fig. ^give the leading contribution to 77 ^ in chiral perturbation 

theory. The 7777 and 7r''77 vertices arise from the Wess-Zumino term 



Cwz = -^e^^xaFf'^F^- (ttVv^ + 77/^6) + , (2.1) 



where / = 135 MeV. This leads to a decay width 

r(?7 77) 



9 s 



967r3/2 ■ (2.2) 
The imaginary part of the one-loop graph is finite and related by unitarity to the width 
(p72|) p[| PI ; however, the real part diverges and requires a local counterterm 



-c.t. 



327r 



where £ = e or Q is the electromagnetic charge matrix 



Q 



(2.3) 





(2.4) 



Each term in (|2.3D contains two factors of Q because £c.t. arises from Feynman diagrams 
where two photons produce the /+/~ pair. The field E = exp(z2M//) is the usual expo- 
nentiation of the goldstone boson matrix where 

' Ti^ /y/2 + r]/^/Q 7r+ \ 

7r~ —TV 

K- -2r]/V% ) 

The coefficients xi and X2 are renormalisation scheme dependent and subtraction scheme 



M 



(2.5) 



dependent; we use dimensional regularisation with MS (the gamma matrix algebra is 
performed in 4 dimensions) and choose the subtraction point to be A = 1 GeV. We find 
the width for rj — > to be 



r(?7 ^ 



4m?, 



mi 



where 



ImA(s) 



a 



log 



(2.6) 



(2.7) 



and [10 



ReA(s) 



a 



m. 



Xi(A) + X2(A) + ll-61og| 
+2^2 _ 4^4 ^ 4^2 iog(4^2^ + log(4e 



-4 



3 + 



2(g^-l)v/i 
X -\- ^~^(1 — x) 

v/x + ^-2(l -x) 



log|A+| 
log|A_| 



(2.^ 
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We have defined = s/4m^ and X± = a/x^ ± a/ + (1 — x). This amplitude is 

-j^ j due to a different 
choice of A is compensated by a change in the coefficient Xi(A) + X2(A). 

The real part of the amplitude agrees with previous computations which introduced 
a form factor for the 7777 vertex when we take the mass associated with the form 

factor to be large and retain only the leading term. 

The branching fraction for rj A*^A*~ has recently beeen remeasured at SATURNE 
1^, a machine dedicated to rj physics, which finds Br(?7 fJ'~^fJ'~) = (5 ± 1) x 10~^, near 
the unitary limit of 4.3 x 10~^ set by ImA(m^). This fixes the sum of the counterterms 
—40 < Xi(A) + X2(A) < —13. Note that the rate is relatively insensitive to the precise 
value of the counterterms. This is because the one loop amplitude is infrared divergent 
as me — > and so dominates the contribution from the counterterm. Similarly, in phe- 
nomenological models it has been found that the predictions for the branching ratio are 
relatively insensitive to the exact form and scale of the hadronic form factors. 



3. Decays to e+e 

Having fixed the sum of counterterms Xi(A) + X2(A) we may now unambiguously 
predict the rates for ry e^e~ and tx^ e~^e~ . It is important that xi aiid X2 are the 
same for the cases / = e and I = fi. This occurs because both the e and fx masses are 
small compared with the chiral symmetry breaking scale. From expressions analogous to 
(P^ ) - (|2.8|) found by substituting mg for and evaluating at either s = or s = 
(in the tt^ case ( |2.2| ) and ( ^.61 ) are multiplied by 3) we find 



Br(7r° e+e") = 7 ± 1 x 10"* 
Br(?7 ^ e+e-) = 5 ± 1 x 10"^ 



(3.1) 



compared to the present experimental upper bounds [|TB| 

Br(7r° ^ e+e")exp. < 1-3 x 10"^ 
Br(?7 ^ e+e")exp. < 3 x lO"'*. 



(3.2) 



For TT^ e+e~, the present upper limit is within a factor of two of the theoretical 
prediction, and one may hope that in the near future this decay mode will be observed. A 
precise determination of the branching ratio would test the validity of chiral perturbation 
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theory for these decays. In contrast, the experimental upper hmit for ry e~^e~ is five 
orders of magnitude above the theoretical prediction. This upper limit was determined in 
a bubble chamber experiment performed in 1966 with ~ 10^ 77's llT^] ; hopefully this limit 
will be dramatically improved at SATURNE where 10^ ry's are produced per day. 

Corrections to our predictions come from higher dimension operators in the chiral 
Lagrangian which contain more derivatives or more factors of nis- These are suppressed 
by factors of m'^/A'^ ~ 25%. 

We acknowledge the support of U.S. Department of Energy under Contracts DEAC- 
03-81ER40050 and DE-FG03-90ER40548, and NSF grant PHY-9057135. MJS acknowl- 
edges the support of a Superconducting Supercollider National Fellowship from the Texas 
National Research Laboratory Comission under grant FCFY9219. 
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Figure Captions 

Fig. 1. Leading graphs contributing to rj ^ A*^A*~- 



7 



